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ABSTRACT: A microscopic statistical theory of phase equilibria in noncrystalline block copolymers of type
A-B is developed. In particular, the onset of an ordered mesophase from a homogeneous melt is studied and
a criterion of the microphase separation is found. The only relevant parameters of the theory turn out to
be the product xN (x is the Flory parameter characterizing A-B interactions; N is the polymerization index)
and f, the fraction of monomers A in a chain. It is shown that under certain critical conditions a specific
unstable mode appears in the homogeneous copolymer melt; this announces the microphase separation transition
(MST). After the MST a mesophase with the periodicity equal to the wavelength of the unstable mode and
with the symmetry of a body-centered-cubic (bec) lattice should appear. For a large range of compositions
a bec mesophase is expected to be a metastable phase. Only two other ordered phases, a hexagonal mesophase
and a lamellar mesophase, may be stable near the MST. The regions of stability are calculated and the phase
diagram of the system is provided. First-order transitions are predicted between different ordered phases.
A new method of measuring of the parameter x, crucial for verification of the theory, is proposed.

I. Introduction

The particular chemical structure of block copolymer
materials is reflected in the most fundamental and in-
teresting way by incompatibility effects. These effects give
block copolymers a number of specific, new morphologies
and original physical and mechanical properties which have
led to valuable technological applications (for general
references see ref 1). The purpose of the present paper
is to formulate a microscopic theory which, on the basis
of statistical physics, would explain how and under which
conditions the incompatibility of molten copolymer con-
stituents leads to the formation of different ordered
structures (mesophases). This general theory is applied
to provide a phase diagram of the simplest copolymer
system—molten diblock copolymer A-B. Both sequences
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of monomers A and B, forming a copolymer molecule, are
supposed not to be able to crystallize.

The most characteristic feature of a block copolymer is
the strong repulsion between unlike sequences even when
the repulsion between unlike monomers is relatively weak.
As a result sequences tend to segregate, but as they are
chemically bonded even the complete segregation cannot
lead to a macroscopic phase separation as in mixtures of
two homopolymers. However, in the case of a sufficiently
strong incompatibility, microphase separation occurs:
microdomains rich in A (in B) are formed.

Such an effect was first observed in concentrated solu-
tions of block copolymers and afterward in many other
copolymer systems, particularly in molten block co-
polymers (see, e.g., review articles 3-8 and references given
therein). When microphase separation occurs, the mi-
crodomains are not located at random but they may form
a regular arrangement giving rise to a periodic structure
(macrolattice). Several techniques (e.g., annealing, ex-
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trusion) enable samples to be obtained which exhibit a very

regular, oriented macrolattice extended over large vol-
ume 971013

Mesophases with three types of lattice have been ob-
served: cubic lattice of spheres, two-dimensional hexagonal
lattice of cylinders, and one-dimensional lamellar struc-
tures.

Various experimental techniques such as small-angle
X-ray scattering (SAXS), electron microscopy, and electron
diffraction have given relatively rich data about molten
block copolymer mesophases. Symmetries, periodicities,
and microdomain dimensions and their dependencies on
molecular parameters such as molecular mass, fraction of
monomers A in the chain (composition), and chemical
nature of copolymer monomers have been studied in detail.
There is relatively less information about the conditions
of microphase separation. Nevertheless the existence of
the disordered (homogeneous) phase has been established
for copolymers with a low polymerization index by several
experimental methods (microcalorimetry,¢8 SAXS,14:16:19
electron microscopy?®) and the microphase separation
transition (MST) from the disordered phase to a meso-
phase has been directly observed.!41519

In the last decade a considerable effort has been made
to develop a microscopic theory of the molten block co-
polymer (see, e.g., ref 9 and ref 21-29). The approaches
hitherto adopted considered a specified mesophase (i.e.,
with a specified symmetry and shape of the microdomain
pattern) and evaluated and minimized the free energy of
the system in this mesophase in order to obtain the pe-
riodicity and microdomain dimensions. The calculation
of the free energy of molten block copolymer encountered
essential difficulties—it required very restrictive assump-
tions about the microdomain interfaces and also the in-
troduction of phenomenological parameters not directly
available from experiments (compare, e.g., review articles
30-32). Recently, Helfand has proposed a self-consist-
ent-field method to obtain the free energy of the molten
block copolymer solely in terms of molecular parameters
characterizing copolymer chains (molecular mass, com-
position, monomer lengths, and monomer interaction en-
ergy).Z The application of the method even to the simplest
possible lamellar phase requires complicated numerical
computations. The assumption that the interphase be-
tween domains is narrow compared with domain size sim-
plifies the theory and permits valuable predictions to be
made of domain periodicity and size for the lamellar and
spherical (close-packed cubic) mesophase.282%3132 p the
present paper we shall be concerned with a very different
regime, namely, the onset of a microphase from a homo-
geneous melt. The narrow interphase approximation
completely breaks down in this regime: here even the
notion of an interphase disappears since the concentration
of monomers A (B) does not change abruptly over a small
distance but, on the contrary, varies smoothly over the
whole period of the microphase structure (see section II;
compare ref 29, 30, and 33). Therefore, the Helfand ap-
proximation cannot be used and another approach is
needed.

A complete understanding of the microphase separation
transition (MST) in molten block copolymers requires not
only a statistical study of microdomain structures (meso-
phases) appearing after the transition but also a study of
the homogeneous (disordered) phase. In particular one
should find a quantity which may be used to introduce an
order parameter (see section II). Here we study the mo-
nomer A density correlation functions in a disordered
phase, using a generalization of the “random-phase
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approximation” (RPA) method of de Gennes,* which is
known to work well in other molten polymer systems.?%
We find that under certain specific critical conditions an
unstable mode with a nonvanishing wave vector appears
in the system; i.e., a certain Fourier component of the
monomer density fluctuations diverges. This instability
announces the microphase separation transition. It is
interesting to note that the microphase separation tran-
sition is in many respects analogous to the crystallization
of aliquid. The latter has generated a renewal of interest
recently (e.g., ref 37 and 38).

Once correlation functions have been found, we make
use of general statistical physics relations which provide
the free energy of the block copolymer in terms of the order
parameter of the microphase separation transition. The
applied approach has the advantage of taking into account
the connectedness of the blocks in a block copolymer
molecule in a very simple and natural way. Only two
quantities turn out to be relevant parameters for the
characterization of phase equilibria in molten diblock co-
polymers: the composition f (the fraction of monomers A
in a chain) and the product xN (where N is the polym-
erization index and x is the Flory parameter characterizing
the effective interaction of monomers A-B; for the defi-
nition of x see eq I1I-2). Hence, the determination of the
phase diagram of the system consists of calculating the
regions of stability of different phases (disordered phase,
mesophases) in a plane with coordinates xN and f. Our
analysis of the free energy leads to predictions concerning
(i) both the symmetry and the periodicity of phases ap-
pearing just after the microphase separation transition, (ii)
the criterion for the microphase separation transition (xN
as a function of f for which microdomain structures occur
in the system), (iii) the phase diagram in the vicinity of
the microphase separation transition line, and (iv) exist-
ence of transitions between mesophases with different
symmetry. Detailed comparisons of the theory with ex-
periments will depend on our knowledge of the interaction
parameter x, which is difficult to measure experimentally
(compare, e.g., ref 39). We show that the small-angle X-ray
scattering by block copolymers is strongly dependent on
monomer-monomer interactions and may provide a new
method of determining x.

In the next section we present a qualitative description
of the microphase separation transition which follows from
the present theory and which indicates the guidelines along
which this theory is constructed.

II. Thermodynamic Description of Microphase
Separation

In this paper, we will consider a molten diblock co-
polymer where all chains have the same index of polym-
erization N and the same composition f = Ny/N (N, »
1 and Np > 1 denote the number of monomers of type A
and B, respectively; N = N, + Np); i.e., we neglect the
polydispersity of the chains. For the sake of simplicity we
will assume that both blocks have the same Kuhn statis-
tical segment length a. We will limit our analysis to the
situations where thermal equilibrium is achieved.

Molten polymers have very low compressibilities. This
means that any local compression of the system will lead
to a huge increase of the free energy which can be com-
pensated neither by the decrease of monomer interactions
nor by entropy changes (cf. ref 27). Thus it is justified to
consider the limit of zero compressibility and to assume
that at any point in the copolymer liquid

pal® + pg(f) = 1 (II-1)
where p,(F) and pg(F) denote the reduced density of mo-
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nomers A and B, respectively. p,(7) is defined as the ratio
of the local density of monomers A at the point 7 to the
overall monomer density averaged over the sample.

Although the overall density of monomers is constant
(eq 1I-1), p4 and pp themselves may exhibit local fluctua-
tions and it is these fluctuations which will be at the very
root of the microphase separation. The species A and B
tend to realize an equilibrium density profile ps(® and pg(7)
which minimizes the free energy of the system. The energy
of interaction of different chemical species (per monomer)
may be written as (see, e.g., ref 356 and 40)

apapp = kTxpaps (11-2)

In the lattice model, the effective interaction parameter
a may be related to the energy of interactions between two
monomers A-A (exs), B-B (egp), and A-B (ean): a = €55
—1/5(ean + egp). Experiments show that x is positive®! (of
the order of 10°-107Y); monomers A and B effectively repel
each other. In fact, since x is positive there is a tendency
to decrease the number of contacts between monomers A
and B in order to lower the contribution of the interaction
energy contribution to the free energy (eq 11-2). However,
a decrease in the number of contacts A-B diminishes the
entropy of the system and consequently increases the free
energy. Hence, p,(7) and pg(F) profiles are the result of
a “competition” between these two opposite trends.
For x = 0 or x finite but sufficiently small, the entropy
effects are dominant, and they favor mixing: the system
exhibits an isotropic phase with sequences A and B of the
chains interpenetrating each other so that for all points

(pa(P) = f (p(F)) =1-f (I1-3)

(( ) denotes the thermal average). Such a phase will be
called the disordered phase. On the other hand, when the
system is cooled (or composed of longer chains) so that xV
is larger than a certain value (xIV), (to be computed in
section V), the enthalpic term (eq II-2) in the free energy
dominates and the system exhibits a microphase separa-
tion; i.e., (ps) and (pp) are not uniform: there are domains
(A rich) where (pg) is smaller than 1 - f and others (B rich)
where (p,) is smaller than f. Then at all points the
product papp is small and the enthalpic term is low. A
phase of the system in which a microdomain structure
occurs will be called an ordered phase (or mesophase). As
it has been already mentioned, depending on the value of
composition f and on the interaction parameter x (tem-
perature T), several different mesophases may be observed.
In order to characterize the different phases of a liquid
copolymer as well as the transitions between them, we will
introduce an order parameter y(7), defined as

Y(7) = (1 - Npal® - fos(7)) (II-4)

In the disordered phase ¥(7) is uniform and vanishes at
all points. In different ordered phases (with different
domain patterns) ¢ does not vanish. In a single domain
sample (macrolattice) ¢(7) is a periodic function. As in-
compressibility of the system (eq II-1) has been assumed,
Y(7) fully describes its thermodynamic state. It should be
noted that (from eq II-1)

W(F) = (palF)) = (pa(P) - f) (I1-5)

i.e., ¥ describes the average deviation from the uniform
distribution of monomers A and B.

Let us consider the system where xN is so small that
the disordered phase occurs: the average value of ép, =
pa — f vanishes at all points. However, when x becomes
larger (as a result of cooling the system) so that xN ap-
proaches the value (xNV), (for which the microphase sep-
aration transition occurs) the local values of §p, have large
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fluctuations. These fluctuations may be characterized by
a density-density correlation function

3¢~ 7) = 5 (b0aPioal) (11-6)

The Fourier transform S(g) of the correlation function (eq
I1-6) can be studied by elastic radiation scattering exper-
iments: light, X-ray, or neutron scattering (§ deontes the
scattering vector with length 4x[sin (8/2)]/A, where A is
the wavelength and 6 the scattering angle). The scattering
power S(G) can be calculated with the help of the RPA
method.3 This method assumes that the chains are nearly
ideal.?® This is a good approximation for homopolymer
melts, where RPA predictions have been compared with
neutron experiments using partially deuterated chains with
particularly small effective interactions between marked
and unmarked monomers (x < 107%) and polymerization
indices not too high (N < 10%). When segregation effects
become important the RPA must be modified to take into
account the monomer interactions (compare studies of
correlations in the problem of homopolymer mixtures®%%),
The scattering power S(§) is calculated and discussed in
section IV,

From a thermodynamic standpoint, this calculation
leads to the important conclusion that only certain fluc-
tuations become anomalously large when the interaction
parameter x tends toward the transition point value x;:
S(@) has a very narrow maximum for a certain value of ||
= g* # (. (In the isotropic phase S depends only on the
length of the § vector.) A remarkable property of molten
copolymers is that ¢* is independent of the interaction
parameter x. As xN becomes greater than (xN); and is
equal to a certain value (xV), the fluctuations with wave
vector |G| = ¢* diverge: S(g*) — «. This is the spinodal
point. The spinodal point determines the limit of me-
tastability of the system. When the system is quenched
to the metastability region ((xN), < xIN < (xNN),) the
microphase separation can take place by the nucleation
of droplets of mesophases inside the disorder phase. The
interface energy is positive and the droplets are formed
by a slow thermoactivated process. On the contrary, when
N = (xN), the interface energy vanishes: the system be-
comes unstable.

The simplest way to analyze qualitatively the MST is
to examine the expansion of the free-energy density F of
an ordered phase (occurring below the transition: xN >
(xN),) in powers of the order parameter y. The quadratic
term has the form (see sections III and V)

F,= W*l%sﬂ(aw(q)w(—a) (I1-7)

where y¥(§) denotes the Fourier transform of Y(F) and v
the volume of the system. As we have pointed out, near
the phase transition S7(g) has a deep minimum for the
wave vectors § with |g| = ¢*, but the higher order terms
F,, F,, ... have no singular behavior for ¢g*. As a conse-
guence the only Fourier components of ¢ which are im-
portant (near the transition) are those with |§] = ¢g*. For
xNN > (xN), the free energy is lowered by the presence of
a finite ¥(§) (|d] = g*): a periodic ordered mesophase
appears. The periodicity of the ordered phase is equal to
27/q* and is of the order of the radius of gyration of
copolymer molecules. The detailed structure and mag-
nitude of the coefficients ¥{(g) (|G| = g*) for various ori-
entations of § will depend crucially on the higher order
terms Fy, F,, .... It is important to note that for f = 0.5
the third-order term F; in the expansion of F does not
vanish. As pointed out long ago by Landau,? this implies
that the transition should be of the first order: at (xN),
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Y(g*) has a jump. Hence, the microphase separation
transition is analogous to the solidification of the liquid,
but g* for the MST is much smaller; i.e., the periodicity
of molten block copolymer mesophases is much larger than
the periodicity of a crystal lattice.

General symmetry considerations show that the exist-
ence of the third-order term in the expansion of the
free-energy density F allows for xN = (xN), the onset of
only two periodic microdomain structures: one with the
symmetry of the planar triangular lattice and another with
that of the body-centered-cubic lattice. In order to decide
which of these two structures will actually appear as well
as to calculate (xN),, i.e., to predict a criterion of the
microphase separation, it is necessary to find the coeffi-
cients of the third and the fourth order in the expansion
of F. The calculation of these coefficients also permits
examination of the stability of different mesophases for
xN close to (xNV), and prediction of phase transitions be-
tween them (see sections V and VI).

In section III we will formulate a theory leading to the
free-energy expansion in powers of .

III. Free Energy of Molten Block Copolymers

The microphase separation transition in molten block
copolymer A-B essentially differs from demixing in the
mixture of two homopolymers A and B. The latter is a
gas-liquid-type phase transition (with instability for § =
0), whereas, as we have pointed out in section II, MST is
a liquid-solid-type transition (with instability for a finite
wave vector |G| = ¢*). Moreover, in block copolymers the
low-temperature ordered phase is a mesophase with non-
homogeneities occurring at distances of the order of mo-
lecular dimensions (radius of gyration). For these reasons
the simple lattice-type Flory—Huggins theory developed
for homopolymer mixtures is inadaptable to study MST
in copolymers. In fact, such a theory would require the
calculation of the number of configurations available for
copolymer chains (disorientation entropy®®). The inclusion
of constraints which prevent separation of copolymer chain
sequences gives rise to enormous difficulties.

We propose here a quite different approach based on
the RPA. This approach avoids the problem of calculating
separately the entropy of disorientation and leads directly
to the free-energy density F of the molten copolymer as
a function of the order parameter ¥(7¥). The essential point
of the method is a theorem which relates the coefficients
of the expansion of the free energy of the system in powers
of Y(7) to the response functions (section III.1). To get
equations for response functions of the copolymer melt we
make use of the random-phase approximation (section
111.2). Then RPA equations are solved and the free-energy
density F is obtained in terms of response functions of ideal
(Gaussian) chains (calculated in Appendix B).

1. Free-Energy Expansion and Response Func-
tions. In the theory of magnetic phase transitions general
relations between response functions (connected Green
functions) and coefficients in the expansion of a free-energy
functional in powers of an order parameter are often used
(e.g., ref 43-45). In this section we establish similar rela-
tions between monomer density correlation functions and
the free energy of the molten copolymer. Since the method
of derivation of such relations is analogous to that in the
magnetic problem, we only sketch here the essential points
and recall some definitions which will be of use later
(section II1.2).

Let us consider the liquid copolymer under the con-
straint of the existence of a long-range order. The average
value of p,(F) = pa(F) — f does not vanish (J(F) = (5pA(F))
# 0). The total free-energy density of the system F may
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be divided into two parts. The first one, Fy, the free energy
of the copolymer liquid in the absence of the constraint
of ¢(F) = 0, includes the naturally occurring correlations
of the liquid state. The second one, F, is due to the con-
straint Y(7) > 0 and it vanishes when ¢ = 0. When the
system is below the MST, i.e., xIN > (xN),, the microphase
separation appears spontaneously, F is negative, and the
system occurs in a stable ordered phase. Its Y(F) minimizes
F. On the contrary, for xN < (xN), for any ¢(F) = 0, F
is positive and the disordered phase with y = 0 is the stable
one. Thus it is sufficient to find F as a function of ¥(F)
to determine the conditions for the microphase separation
as well as to investigate the stability of different ordered
phases.

We are looking for the coefficients of expansion of F in
powers of Y(F). We consider the system in the disordered
phase and we suppose, quite formally, that external po-
tentials U,(F) and Ug(F) act on monomers A and B, re-
spectively, so that the energy of interaction reads

f Ur(Pépa(®) d%r + f Ug(Péop(® d°r =
[ UGboaF) o (111-1)

where U(F) = U,(F) — Ug(?) is the external field conjugated
to the order parameter ¥(¥). (The incompressibility con-
dition II-1 has been used.) As a result a nonvanishing,
nonuniform ¢(7) appears in the system. The free energy
of such a system (with ¢(F) = 0) is the function F(U) of
the external field U. We shall see below that the coeffi-
cients of expansion of F’in powers of U are easy to derive:
they are related directly to the correlation functions of the
unperturbed system. However, from the physical point
of view, a description in which y rather than U plays the
role of independent variable is more important. Actually,
the external field U was introduced only formally in order
to impose the constraint of concrete (7). The Legendre
transformation

Fiy) = F(U) - U@ &

permits the free energy of the system to be obtained in
terms of ¢ instead of U. In practice, it is sufficient to
obtain the external field U as a function of ¥ and then to
integrate the equation

(I11-2)

U(F) = -6F / 8(F) (111-3)
which follows from (II1-2).
The free-energy density F([U]) equals
F'=-kT In Z(IUFPD (111-4)

where Z([U]) is the partition functional of the system when
the external field U is applied

Z="Tr exp[—B(Ho + fUépA dar)]
= Z0< exp(—ﬁf Udpy d3r)>

H,, Z,, and { ) denote the Hamiltonian, the partition
function, and the thermal average in the absence of ex-
ternal fields (U = 0). The free-energy functional F’ (1II-4)
may be developed in powers of U

(-8)

n!

(ITI-5)

F'=F+X% GO, .., FIUF) ... UG,
n=1
d3r, ... d°r, (III-6)

where 8 = 1/kT.
The coefficients of expansion are the monomer density
correlation functions defined as
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) (kT)"e" In (Z/Z)
(7 Fo) =
G (rl’ seey r") 5U(?1) ves 5U(?n)

(I11-7)

U=0

It is easy to check (from eq I1I-5) that this definition gives
the well-known formulas for correlation functions (cf. ref
46)

(3o - dox(F)) = STIGUIE, ., Fy) - (IIL)

where for the sake of simplicity we have denoted by I the
set {1, ..., n}, by {I} any partition of I, and by |/] the cardinal
of the set I. As an example we use (III-8) to write down
the lowest order correlation functions which we will need
later

GO(F) = (3pa(F)) = 0 (I11-9a)
GO(Fy, Fy) = (bpa(F)Opa(F)) - (IT1-9b)
GOFy, Ty, Fy) = (8pa(F)0pa(F)opa(Fy))  (I11-9c)

C'.;(4)(?15]"2» Fa, a) = (Bpa(F1)0pa(F2)opa(Fa)dpa(Fy)) -
GO(F, F)GO(Fy, 7o) = GO, F) GO, 7y) -
GO, F)GO(F,, 7y (111-9d)

(In (III-9) the fact that the system is disordered when U
= 0 (i.e., (6ps) = 0) has been used.)

It should be noted that the average of ép, in the presence
of the field U, which we call ¥, is equal to

W) = 27 Tx fopu(® exp|-6(Ho + [ Uspa ar) )
= oF /5U(P)
(I11-10)

Hence, (-8)*'1G™(#,, .., 7,)/(n — 1)! may be interpreted as
the response function of the nth order. Actually, from
(II1I-6), the response ¢ of the system to the external po-
tential U reads
00 = =L (GG, 7, L UG .. UG

F) = P P, Fiy v, FdUF) ... UF,

d3ry ... d3r, (III-11)

(Yvon’s theorem). It will be convenient in the following
to use the Fourier transform of (ITI-11)

@ = 5 N T i+t ) X
¢ql‘n=1(n—1)z~62 ..... . G, +..+3d,

where 0(G) = f O(Pe'™ d3 denotes the Fourier transform
of a function O and the use of the translational invariance
of the system has been made.

In order to get F(y¥) we need U as a function of ¢, so we
should invert (III-12). This may be done by the iteration
method. Then, by integrating (II1-10) we get the expansion
of F as a power series of ¢

o 1 . - . .
F=F,+ kTZ;V‘";_ 2 TGy, oo Gu)¥AG)) ... ¥(30)
n= *q15e4n
(IT1-13)

The coefficients I', in expansion II]-13 are related to the
correlation functions G®, G® D, ..., G®. As we will confine
our interest to the temperature region near the transition,
it is justified to drop out in expansion I1I-13 all terms
containing higher powers of ¢ than the fourth power. The
coefficients of interest are given by

T'y(gy, G2) = 1/6(2)(51, Gs) (111-14)
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@ 0 89 = -G08 30/116%@, -0 (11-18)
F4(¢71: Ga) Gs, 64) = {G“’(Eh, G2, G3, §o) —
VAT GO, -GG, G 30T, 3 30 +
GG, s, VGO, Gy, Go) +
69, 3, 6T, T )/ 116974, -3) (L16)

It is very important to note that, from the definition of
¥, it turns out that

Y@a=0= fdry® = [dr-H=0 17

This implies that G®(0, 0) = 0 as well as G¥(g,, 5, 0) =
0 for §, + G, = 0. In turn, when |§; + §o| = |Gz + G4| = O,
from (III-17) it follows that on the right-hand side of
(ITI-16) the second term does not appear.

In the following we use the RPA to calculate the cor-
relation functions G™(§y, ..., §,) (n = 1, ..., 4). Then, the
relations (III-14) to (III-16) permit calculation of the
free-energy density of the system, F, and an investigation
of the transition region.

2. Random-Phase Approximation for Block Co-
polymers. Free Energy near the MST. In this section
we generalize a standard RPA method® in order to cal-
culate both linear and nonlinear response functions of
block copolymers and the free-energy expansion in powers
of the order parameter.

We denote by ¢, the average value of 6p;, where i = 1,
2 correspond to the species A and B, respectively. If we
suppose that two different fields U; act on the monomers,
then the response of the system (i.e., the average change
of 8p;) is equal to (see eq III-12)

(@) = -BS,(@) U@y +
1 -
58V X GGy G G U@ UG -

4293
1 2 s ox - " o
a8V, E G 3 G0 WU @UL@UG)
M 243,
= lﬁ,-(l) + \"i(;) 4+ \0,-(3)

(I11-18)
where G , (§,, ..., @,) denote the correlation functions of
monomer densities &p; (7y), ..., op; (F) (see eq III-9) and S,;(q)
= V1GP(g, —4). ¥, ¥¥, and ¥ denote, respectively, the
contribution to ¥ of the first, second, and third order in
external potentials U;. In (III-18) and in the following the
summation convention over the repeated indices is used.
It should be stressed that from the incompressibility
condition 3";.,%}; = 0, it turns out that there is only one
independent correlation function of the nth order, e.g., Sy;
=8, G® = G® and G{¥), = G¥ (cf. eq I1I-12).

The basic point of the RPA method is the fact that in
polymer melts chains are nearly ideal on the scale of one
coil (e.g., ref 35 and 40). It may be supposed that when
the interactions between monomers are switched off the
monomer density correlation functions are equal to those
of the ideal (Gaussian) independent copolymer chains
(which will be denoted by Sy, G), G{f). In the RPA one
calculates the response of the system to the external po-
tentials U, as if the response functions were those of the
ideal chains, but the potentials acting on monomers U
(different from the external potentials U;) were corrected
to take into account monomer interactions. These cor-
rections are of two different types (cf. ref 42). First of all,
to ensure the constant overall monomer density (incom-
pressibility) a self-consistent potential V acting on all
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monomers (both A and B) is present. Secondly, to express
the fact that external potentials change the average mo-
nomer densities and, consequently, change also the ef-
fective monomer interaction by the quantity 2 Txy,, (see
eq II-2), the internal potentials RTxy, acting on monomers
A and kTxy, acting on B are introduced. Hence

¥i@) = -BS{DHUMQ) +
SV E GG, T, B USH@IUG) -

91,92
55 T Ci@, T G 30U @ U GG
(I11-19)
where
USH) = U@ + Vinbn@ + V@) ([1:20)

with Vi, = Voo =0 and Vy, = Vy; = kTx. Equations III-19
together with the condition

2

2y =0 (IT1-21)

i=1
form the RPA equation set. A simple procedure to solve
this set is presented in Appendix A. The procedure pro-
vides the correlation functions of the system S, G*®, and
GY in terms of the correlation functions of the nonin-
teracting ideal copolymer chains S, G}, and G{¥,.

The coefficients of the free-energy density expansion in
powers of ¢ (eq III-13) may be obtained by putting the
solutions of the RPA equations (cf. Appendix A) (eq III-19
to III-21) into eq III-14 to III-16. The result reads

To(d1, @)V 18(F; + 32 = SNG) = S@)/ W@ - 2x
(I11-22)

T'5(gy, o, G3) = ‘Gz(}"z(qu G @) [Sa7MG1) — S (@)] X
(S Ud2) ~ Sj M@ 1[Sk1™M(d3) — Sa2'(ds)] (I11-23)

TGy, G Gs, 64) =
Yijei(G1s Go» G3s GoISngy) - S,-2'1(('1°1)][Sj1‘1(('1'2) -
S;2 M@ [Sk1™(Fa) — Sk M@D1[Sn™HGe) - Si7(dy)]
(I11-24)

with
'Yijkl(ab 62’ 63’ (74) = Cv—lz;smn_l(q,)[Gl(%z(qb 62’ (i,) X
q
GR-G", T3 Ga) + GRR(Gy, Ta, IIGN-T', T2, Go) +

GGy ds TVGE(-T", T3, 3] - GRG1, G2 T3, Ga)
(IT1-25)

For the case of §; + §; = 0 (or any other §; + §; = 0)
formula ITI-25 is to be modified (compare the comment
below eq I11-17). The first term on the right-hand side of
(II1-25) takes the form

=S HO)G (G, G, OGRAO, 3, 3)  (11-26)
mn

In eq ITI-22 to ITI-26 the following notations has been used:
S;4(gd) denotes the (i, j)th element of the matrix
I1S1(@)]|—the inverse of the matrix ||S(§)] composed of
the correlation functions of the ideal independent co-
polymer chain S;;(§); S(§) denotes the sum of all elements
of the matrix [|S] Gi.e., S = 3,;5,); and W(J) is the de-
terminant of |S| (i.e., W = S;;Ss — S159).

A very remarkable property of the coefficients I'; and
I, in the expansion of the free energy in powers of the
order parameter is their independence of the interaction
constant x. Actually eq I1I-23 to III-26 reveal that these
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coefficients depend solely on correlation functions of ideal
copolymer chains, i.e., only on the composition f and the
polymerization index N. This means that the terms of
higher order than the second in the expansion of F in
powers of Y are of entropic origin and have no singular
behavior at the transition point. It should be also noted
that for f = 0.5, S;; = S, (for ideal chains) and I'; = 0 as
might be expected from the symmetry considerations.

Contrary to the coefficients I'; and T'; the coefficient of
the second-order TI'; (eq ITI-22) depends on the interaction
constant x. The dependence on x is particularly simple.
This will facilitate the calculation of the spinodal line (see
section V).

Equations ITI-22 to II-26 will be used to study the phase
diagram of the block copolymer melt (sections V and VI).
These equations are very general; they apply for any
polymeric melt composed of two monomers (in particular
they are valid also for a mixture of two homopolymers).
Their application to a block copolymer melt requires
preliminary knowledge of correlation functions of ideal
copolymer chains. In Appendix B a general method of
calculating these functions is described.

IV. Radiation Scattering by Liquid Copolymers

Radiation scattering experiments provide a very at-
tractive method for studying the various aspects of the
microphase separation. The scattering techniques of
particular interest are those which give monomer corre-
lation functions, i.e., which involve scattering vectors
smaller than @' and even N /%! (e.g., light, X-ray
(SAXS), and neutron (SANS) small-angle scattering).

Below the MST, the scattering by the periodic micro-
domain structure gives the characteristic diffraction
spectrum. The detailed structure of the Bragg peaks re-
flects the symmetry and the periodicity of the system (e.g.,
ref 5 and 8). Above the transition, in the disordered phase,
the scattering spectrum is completely different from that
observed below the MST as well as from that of a liquid
composed from small molecules. The discussion of the
scattering by the disordered phase is the subject of the
present section. Particular emphasis will be laid on the
role of monomer interactions. In this respect the choice
of an appropriate experimental technique should be
carefully considered. SAXS is very suitable when the
chemical species of the copolymer chain have significantly
different electron densities (e.g., copoly(styrene—isoprene)),
which usually implies a high degree of incompatibility, i.e.,
a rather large x. Consequently, the studied structure will
exhibit a microdomain architecture (unless chains are
sufficiently short) and a diffraction pattern will be ob-
served. On the other hand, neutron scattering experiments
may permit study of copolymers formed from two very
similar species (e.g., copoly(styrene—a-dimethylstyrene) if
only one of them is deuterated. It is even possible to deal
with partially deuterated chains composed of the same
monomers (e.g., polystyrene), in which a case the inter-
action constant is very small (x ~ 104-1073). Therefore,
the SANS technique offers a possibility for studying the
copolymers in both cases when a microphase separation
occurs or not, even for long chains.

The scattering intensity for the disordered phase of the
block copolymer is proportional to the correlation function
S(g). Within the RPA this function is given by (see Ap-
pendix A, eq A-7)

8@ = W@ /[8@) - 2xW @] (Iv-1)
where S is the sum of all elements and W the determinant

of the matrix composed of the correlation functions of the
ideal independent copolymer chains [|S;;|. The calculation
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of S;;(§) functions with the help of the method exposed
in Appendix B is straightforward. For fN > 1 and N(1
-~ f) > 1 one gets (see B-18)

S1:(§) = Ngi(f, x)
S22(q) = Ng(1 - £, %) (IV-2)
S12(@) = S(@) = %NIg:(1, x) - g1(f, x) - g:(1 - £, x)]
where g,(f, x), the Debye function, is defined as
8:(f, %) = 2[fx + exp(~fx) - 1]/2* (IV-3)
and
x = ¢?Na?/6 = ¢*R? (IvV-4)

with R denoting the radius of gyration of an ideal chain
with N monomers. The final formula for S reads

5(@) = N/[F(x) - 2xN] (IV-5)
where
F(x) = g/(1, x) /{g:(f, x)g:(1 - f, x) - Yilg:(1, x) -
&lf, x) - g1 -f, )% (IV-6)

Equation IV-5 for the scattering function S(§) shows
that for large § vectors (gR > 1), S(§) tends to zero like

1/¢*
5@ ~ e2Nf(1 - p/q*R? (Iv-7)

This means that on the scale of a coil the monomer density
fluctuations are like those of a Gaussian chain and are
independent of the effective repulsion between monomers
A and B. Also for very small § vectors (qR <« 1) the
correlation function does not depend on the interaction
parameter x

8@ =~ 2Nf(1 - f)*q*R?/3 (IV-8)

At small angles (g = 0) the scattering power vanishes. This
is due to the mcompress1b111ty of the system. The increase
of § with ¢ (eq IV-8) is related to the correlation hole
effect:® the probability of finding in the vicinity of an A
monomer another A monomer belonging to a different
chain is slightly decreased as the result of the repulsion
of the polymer coils (this repulsion ensures the incom-
pressibility of the system). This particular asymptotic
behavior (for gR << 1 and gR >> 1) requires that the A
monomers’ correlation function S has a maximum in the
intermediate range gR ~ 1. It should be stressed, however,
that the existence of this maximum does not result from
the segregation effects. Actually, as the asymptotic be-
havior is independent of x, even when there is no effective
repulsion between monomers A and B (x = 0), S(§) has
a maximum for scattering vectors § with the length |G} =
g* (see Figure 3). Recently, a peak (bump) in scattering
intensity has been observed in SANS by a liquid poly-
styrene with partially deuterated chains (triblock chains).*
Good agreement with the RPA theory with x = 0 has been
found (N of the chains was ~400 so it is reasonable to
neglect segregation effects and put xN = 0).

Although the presence of the peak in 5(§) is independent
of the segregation effects, its shape strongly depends on
the interaction parameter x. Equation IV-5 shows that
the relevant parameter is the product x/V rather than x.
Figure 1 gives the plot of S(g) as a function of x = ¢2R?
for different values of xN. First of all we observe that the
peak becomes more narrow and its maximum higher when
xNN is increased. There is a certain critical value of xN,
(xN),, for which the correlation function S(g) diverges at
|g] = g*; this is the spinodal point (cf. section V). However,
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Figure 1. Scattering intensity (in arbitrary units) of the molten
diblock copolymer with composition f = 0.25 as a function of x
= (qR)? (g = 4r[sin (8/2)]/ )\) for three values of interaction
parameter: (-) xN = 17.5; (--- =16.0; (—) xV =12.5. The
interaction parameter for whlch%(q*) dlverges (spinodal point)
is given by xN = 18.2. The MST is expected to occur for xN =
17.6.

T Y 7 TR T R
Figure 2. Plot of x* = ¢*2R? vs. composition f (—) and of the
periodicity D (the unit is R) of the mesophase just after the MST

the instability is masked by the earlier appearance of a
first-order transition to a mesophase for (xV), < (xV),; see
section V). Itis very important to stress that for xN close
to (XN)s the peak is so narrow that §(7) may be neglected
for all § vectors which do not lay on the sphere of the
radius g*.
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§4(q)

0 } ; ' Z * J6 I 18 * ll) q2R?

Figure 3. Plot of §7%(g) as a function of x = ¢*R? for the sample
with f = 0.4 and for three values of xN: () xN = 0.0; (---) xN
= 2.0; (—) xN = 5.0. The curves for the different xN are parallel.

Figure 1 shows that the position of the maximum g*
does not depend on the monomer interactions. In fact,
expression IV-5 has a maximum for x* = g*?R? for which
the function F(x*) (independent of x) has a minimum,
This is due to the fact that the monomer interactions are
local and would not be the case if they had a finite range.
The shape of the peak and the position of its maximum
depend on the chains’ composition f. Figure 2 shows a plot
of x* vs, f. The dependence is weak for 0.2 < f < 0.8 for
which ¢* is of the order of 2/R. For f small (large) g*
increases rapidly.

The fact that the correlation function S(g) is sensitive
to the interactions provides a direct method of measuring
the interaction parameter x. Actually by measuring the
scattering intensity by a molten block copolymer with
chains with different molecular mass (but the same com-
position f) and by plotting the extracted S1(g) vs. qR?,
one should obtain a series of parallel curves (Figure 3).
The relative distance between the curves even for small
xN is rather large, so the method seems to be promising.

The value of spinodal point (xNV), at which the insta-
bility occurs depends on the composition f of the chain.
This dependence is illustrated in Figure 4.

V. Stability of Ordered Phases

In this section we predict the symmetry and the peri-
odicity of the microdomain structure appearing just after
the microphase separation transition (section V.1). Then
we study the stability of various microdomain patterns and
determine conditions of their equilibria (section V.2).
These considerations lead to a phase diagram of the di-
{),llock copolymer melt which will be discussed in section

1. Criterion of the Microphase Separation. A.
Landau Theory of the MST. We shall use a Landau-
type analysis'’ to describe the MST. In this approach the
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Figure 4. The spinodal point (x.V), as a function of composition
f. For xN = (xN),, S(g*) diverges.

free-energy density functional obtained in section III
should be minimized with respect to the order parameter
¥(P for different values of the interaction parameter x
(temperature T). This rather formidable task is much
simplified when one considers the copolymer liquid near
its spinodal point, i.e., when xV is close to the value (xN),
for which S(g*) diverges. Actually, in such a case the
correlation function has a very pronounced maximum for
|| = g* (cf. section IV and Figure 1). The contribution
to the quadratic term in the free-energy expansion (eq
111-13, -14, -22)

F, = %V E51@W@w(-9) (V-1)
q

from the Fourier components of  with |§| = g* is very
large. The terms of higher order in y (F3, F,, ...) have no
singularity for x/V = (xNV), so that the contributions of ¥(g)
to Fy, Fy, ... with different § are roughly equivalent. This
implies that near the spinodal the important fluctuations

should be those with wave vectors |§| = ¢* and that y(7)
may be approximated by
viH = T (@eT (V-2)
gei=)
1@ = q*
i=1,.

with y*(§) = y(-3). From eq IV-1 and from the definition
of the spinodal point

=81Yg*) T W(@¥(-3 = 2N, ~-x) L. WP
gei=qQy Fetxqy

(V-3)

The coefficient of this term is independent of the specific
set {@;]. Therefore, to study the stability of different or-
dered phases the free energy density should be minimized
at fixed ¥ ;cu0,1¥(@)]% Making use of the symmetry
propertles of the coefficients I'y(§,, G, §s) and T'y(q;, Gz,
Gs, 44), one can argue that at equilibrium the magnitude
(@) for all § & {£@,) should be equal. However, the
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relative phase of different components ¥(§) may be im-
portant. Thus, the order parameter () takes the form

1
M =—=
v \/;

The equilibrium value of the amplitude ¥, ¥,, for an or-
dered phase characterized by the set {@} (¢ = 1, ..., n) is
to be determined by minimizing the free-energy density
F with respect to ¥, and {¢,}. For a given xN the stable
phase is that corresponding to the smallest free energy
F(y,). Asfar as the MST is concerned, one can calculate
xN at which the transition to different possible ordered
phases may occur. In principle, the mesophase actually
appearing is that corresponding to the smallest xN (the
highest temperature T). The calculus shows that this value
(xN), is close to the spinodal (xN), for a large range of
compositions f. This justifies the adopted approach (see
section VI).

It should be pointed out that the third- and the
fourth-order terms F; and F depend crucially on the set
{Q;}. For this reason, a prediction of the conditions of the
MST requires a detailed analysis of F; and F,. As we have
already mentioned, for f 0.5 the third-order term F; does
not vanish identically and the MST is, in general, a
first-order phase transition occurring for (xN), < (xN),.
From eq III-13, ITI-23, A-11, and V-2
Fy= 299 5 Ty G GW@ENENGE (V-5)

3! F1,d03:€1£Q)

v élzexp[i(ékf + o)l +od  (V-4)

Since I'3(§;, §z, §3) vanishes unless §; + §, + §; = 0 (cf. eq
I11-12 and III-23) and |£Q,| = g*, the vectors §;, §,, and
gy are constrained to form an equilateral triangle, which
means that at least three @; (n = 3) occur in the expression
for the order parameter ¢(7) (eq V-4). It is important to
note that Fiy ~ ¢,°n"'/2 so that only structures with small
n are to be analyzed (since they give the smallest xNV for
the transition). The following simplest cases are allowed
(cf., e.g., ref 38): n = 3, 6, and 15; for other n < 15 any
set {@;} gives a contribution to F; identically equal to zero.

The case n = 3 corresponds to a two-dimensional tri-
angular (honeycomb) lattice. The {@;} set may be chosen
as follows:

Qtl = q*[l’ O’ 0] Qt2 = 1/2‘1*[“1, \/gi 0]
Qtﬁ = I/Zq*[_]-’ "\/g’ O]

Such a symmetry has, for instance, a rodlike mesophase
with A-monomer-rich cylinders forming a planar triangular
lattice in a B-monomer-rich matrix (f < 0.5).

When n = 6 the @; vectors may be chosen to form an
octahedron

Qu = 27V/%%(1, 1, 0)

(V-6)

Quo= 27%¢*(-1, 1, 0)
Qb.’i = 2_1/2(]*(0, 1’ 1) Qb4 = 2—1/2q*(0$ 1’ _1) (V'7)
Qb5 = 2_1/2(1*(1: 07 1) Qbﬁ = 2-1/2q*(1, 0: _1)

The reciprocal lattice spanned by %) is a face-centered-
cubic (fece) lattice and a corresponding lattice in F space
is a body-centered-cubic (bcc) lattice. Such a symmetry
would have, for instance, a spherical mesophase with A-
monomer-rich spheres located in a B-monomer-rich matrix
at the sites of a bece lattice (f < 0.5).

The case n = 15 corresponds to @); parallel to the edges
of a regular icosahedron. However, the regular icosahedron
has the fivefold axis so that @; vectors cannot span a pe-
riodic lattice (cf., e.g., ref 49).

Therefore, we conclude that there are two microdomain
structures that may appear after the MST: the hexagonal
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and bce mesophases. In order to decide which mesophase
will actually appear, it is necessary to analyze the free
energy of these phases in more detail.

B. Free Energy of Hexagonal and bec Mesophases.
Let us consider a mesophase characterized by the set of
vectors {@ (0 = 1, 2, ..., n). Its free-energy density may
be written in the form

FN/kT = 2N(Xs - X)‘)bn2 - C(n‘pn3 + Bn¢n4 (V'S)

The determination of the coefficients «, and 3, requires
rather tedious calculations of the correlation functions of
Gaussian chains by the method explained in Appendix B.
For the sake of simplicity it is important to use some
symmetry properties of coefficients I'; and Ty and to
contract the notation.

First of all we note that I';(d;, §s, G3) vanishes unless G,
+ Gy + §3 = 0 and all nonvanishing I'5(§;, §,, §5) are equal
(since |g;| = g*) and will be denoted by I's. The coefficient
Ty(d1, G2, @3, §4) # O only if 3;,*G; = 0, so that 'y depends
only on the two independent angles, e.g., between vectors
G, and G, and between vectors §; and G, (since |G;| = ¢*).
When these angles are equal for two_different sets {G;} the
coefficients are also equal, e.g., ['y(Qi1, —Q1, Q2 —Quo) =
T4(@p1, —Qu1, Qv —Qps). Therefore, it is convenient to adopt
the following notation: T'({G;}) = T's(hs, h,), where |G; +
Go)? = hyg*? and |, + G4? = hyg*™% It should be noted that
Ty(hy, hg) = Ty(hy, 4 — hy = hy) = Ty(hy, 4 - hy — hy) since
@1 + Gof® = |33 + Gul%, |Gy + Gul® = 1d2 + Gof%, and |G, + G5l
= |Gy + G4f* = (4 - hy — hy)g*% All vectors g, lie in the same
plane if hy or hy is equal to 0 or h; + hy = 4.

Making use of this notation and of eq V-4, we get the
following formulas for the coefficients a3 and §; in ex-
pression V-8 for the free-energy density of the triangular
mesophase:

g = —(2/3V/3)NT; cos (o + ¢y + @9 (V-9)
By = N[T'((0, 0) + 4T4(0, 1)]/12  (V-10)

In order to determine the relative phase ¢y, ¢, and g3
of Fourier components y{(G,) ({ = 1, 2, 3), one should
minimize F with respect to ¢ (i = 1, 2, 3). This gives the
condition cos (¢, + ¢ + ¢3) = 1 (as —T3 turns out to be
positive) and, then

az = —(2/3v/3)NT,

Within the approximation adopted here (dropping out
terms Fj, Fy, ...) it is not possible to determine the relative
phases of ¥(Q) with more precision. However, this am-
biguity in the detailed form of ¥(F) is not important for
calculation of the microphase separation criterion.

The coefficients o and 8¢ for the bec mesophase are

equal to

as = —(1/34/6)NT4lcos a +
cos B+ cosy + cos (a— B+ ) (V-12)

B = NII'4(0, 0) + 8T,(0, 1) + 2T,(0, 2) + 2T(1, 2) X
[cos (@ + ) + cos (8 —v)1}/24 (V-13)

(V-11)

where a = o1~ g3 — ¢ B= @1~ ¢y~ g5, and v = ¢ — ¢
+ ¢ The free-energy density takes the minimal value for
a =3 =+~ =0. (Also for the bcc mesophase the mini-
mization procedure does not permit a determination of all
of the relative phases ¢, (I = 1, 2, ..., 6)). Thus

ag = —(4/3V/6)NT; (V-14)

B = N{I4(0, 0) + 8T4(0, 1) + 2T'((0, 2) + 4T,(1, 2)}/24
(V-15)
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Figure 5. (-NT';) as a function of composition f.
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The coefficients I's and T'y(h,, hy) occurring in the for-
mulas for ag, 83, ag, and 3¢ may be calculated with the help
of eq III-22 to III-26. One gets

T3 = -GS — Sy 'MS; ! = S [Sk™ = See™]

(V-16)
I‘4(h1, hz) =
Yiiai(hy, R[S = S8 = S [Skr™ = Sk ]
V-17)
with

Yijrih1, hg) = Giim(h)Spn H(hyx*) Gy (hy) +
Giim(h2) Sy (hox*)Gjan(ha) + G4 = hy = hy) X
Smn_l((4 - hl - h2)x*)Gjln(4 - hl - h2) - Gijkl(hli h2)
(V-18)

St = 8,7 (x*) and S;7}(0) = 1/N. In writing the corre-
lation functions of the ideal copolymer chain, we have
introduced a notation similar to that used for coefficients
T3 and Ty, Therefore G{(d1, G, @3, 44) is denoted by Gy
(hy, ho) and G(d1, Go, 3o) by Gi(h), where |, + Gof* = |gal?
= hq*? (§; + G» + Gy = 0). The formulas for G;;(h) and
Gijni(hy, ho) are given in Appendix C. Putting eq C-1 to
C-14 into eq V-16 to V-18 and setting x = x*, one can
calculate I'y, T'4(0, 0), T'y(0, 1), T,(0, 2), and T'y(1, 2). In
Figure 5 we have plotted —NT3 as a function of the com-
position f. Figure 6 shows plots of NT,(0, 0), NT,(0, 2),
and NT',(1, 2) vs. the composition f. In the scale of Figure
6 it is not possible to distinguish between I',(0, 1) and T',(0,
2). It is important to stress that for all f, T',(0, 2) > T'(0,
1).

C. Conditions for the MST. Periodicity of the
Ordered Phase. The conditions for the transition from
the disordered phase to the mesophase (characterized by
n = 3 or n = 6) may be written as

oF| _, oF
alpn ¥n=V¥n a¢n2

>0  F(n xn) =0 (V-19)
Yn=Vn
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Figure 6. NT,(0, 0) (—), NT',(0, 1) (-), and NTy(1, 2) (---) vs.
f. The difference between NT',(0, 1) and NT,(0, 2) cannot be
illustrated in the scale of the picture. For f < 0.3 in the scale of
the figure there is no difference between NT (0, 0), NT',(0, 1),
NT(0, 2), and NT (1, 2).

The first two conditions express the fact that at equilib-
rium the order parameters Y, take the value which min-
imizes the free energy F. The last condition says that at
the transition point (x = x,), F vanishes (as it vanishes
in the disordered phase). From (V-9) and (V-19)

¥n = Ban(l + v,) /86, (V-20)
with
Yn = [1 - 848,(xs — X)N/9a,%]'/2 (V-21)
F({,) = 0 requires ¢, = !/; and consequently
XN = %N - a2 /88, (V-22)

Equations V-10, V-11, and V-16 to V-18 and eq C-1 to C-3
and C-7 to C-11 show both coefficients «, and 38, do not
depend directly on N (only through x*), which means that
the relevant parameter is the product xN and not y itself.
In order to predict the phase which appears after the MST
a3?/By and ag?/Bs should be compared. From (V-12 to
V-15) and (V-22) it follows that a bce mesophase appears
first if

k= T,0,0) ¥ 81,0, 1) + 27,0, 9) + 41,1, 2)

>1
(V-23)

Otherwise the triangular structure will appear. It is im-
portant to note that as? < g% i.e., the bee phase is favored
by the third-order term. However, 8; < 85 (as is shown
by our calculation in section V.1B) and it is not obvious
that the bce mesophase appears first. For this reason
inequality V-21 must be carefully examined. The detailed
numerical calculations employing formulas of Appendix
C show that for all compositions (V-21) is fulfilled and that
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Figure 7. Plot of NT,(0, */3) (—) and NTy(*/3, */5) (=) vs. f.

the bce mesophase is expected to appear just after the
MST. Actually, it turns out (cf. Figures 5 and 6) that for
any f T',(0,0) < T',(0,1) < T4(0, 2) < T',(1, 2) and therefore
k > 4T,(0, 0)/3T4(1, 2). The ratio I'y(0, 0)/T,(1, 2) has a
minimum for f = 0.5 and increases as f tends to 0 or 1. For
f=0.5,T,0,0)/T,Q1, 2) ~ 0.82, which means that k > 1
and that (V-23) is fulfilled for any f = 0.5.

Hence, the structure which appears first is the meso-
phase with the body-centered-cubic lattice symmetry. The
condition for the microphase separation transition reads

(xN), = xeN = (xN), -
8N1"32/9[F4(0, 0) + 8T4(0, 1) + 2T'4(0, 2) + 4T',(1, 2)]
(V-24)

For xN < (xN), the system exhibits the disordered phase.
The calculated (xN), is plotted vs. f in Figure 8. The
periodicity of the system just after the transitionis D =
2m/q* (see Figure 2).

Let us remark that the above considerations do not
apply to f = 0.5. For this composition the free-energy
density F must be invariant with respect to the change of
¥ = (8pa) into ¢ = (6p,). Thus, the third-order term in
F, F;, vanishes identically and the Landau theory predicts
the second-order phase transition. We will return to this
point in the next section.

2. Transitions between Different Ordered Phases.
In this section we will study various ordered phases near
the spinodal point, xNV > (xN),. We are interested in
regions where these different phases are stable and in
conditions for phase transitions. We assume that [xN -
(xN)¢] « (xN)s, 80 that the ordered parameter may be still
written in the form (V-2) and that all fluctuations with
wave vectors |§| # ¢* are negligible. It should be noted
that, as xNV > (xN), > (xIV),, the second-order term in the
free-energy expansion (V-3) is negative, which implies that
even a phase with the vanishing third-order term (V-5)
may be the stable one. It is the stability of phases with
F; = 0 we analyze first. Consider a phase characterized
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Figure 8. Phase diagram for the diblock copolymer: (—) tran-
sition line from the disordered to the bcc phase ((xN), vs. f); (---)
transition line from the bec phase to the hexagonal mesophase
((xN), vs. f); (-=+-) transition line from the hexagonal to the
lamellar mesophase (xV); vs. f.

by the set of vectors IQ,-} (i =1, ..., n) for which a,, = 0; the
free energy (V-8) is equal to

FN/kT = -N*(x - x4)%/8n (V-25)

since at equilibrium ¥,2 = N(x - x,)/8,. Thus, for all xN
(close to (xV),) the stable phase is that with the smallest
coefficient 8, (of course, this phase may be less stable than
a phase for which «, # 0; this problem will be discussed
later). We calculate 8, for different microdomain struc-
tures.

One-Dimensional Structure. Lamellar Mesophase.
The one-dimensional structure, the lamellar mesophase,
corresponds to the case n = 1 with @ = ¢*(1, 0, 0]. Insuch
a phase the monomer-A density is constant in the plane
yz but varies along the x axis, From (V-11) we get

81 = NT(0,0)/4 (V-26)

The coefficient I',(0, 0) has been calculated in section V.1.

Two-Dimensional Structures. There are two types
of two-dimensional structures. The first, the triangular
mesophase, already discussed, has the symmetry of a
planar triangular (honeycomb) lattice (n = 3). The second
corresponds to n = 2 and has the symmetry of a rhombic
lattice (Q, and @, form the angle v, h = |@, + Q,|/q** =
4 cos? (v/2)). The coefficient B, is equal to (cf. eq V-11)

B2 = N[T4(0, 0) + 2I'4(0, h)1/8 (V-27)

Three-Dimensional Structures. Simple Cubic
Mesophase. This mesophase corresponds to ¢(7) which
has the symmetry of a simple cubic lattice. The Q vectors
may be chosen to be §; = ¢*[1, 0, 0], @, = ¢*[0, 1, 0], and
s = ¢*[0, 0, 1] (n = 3). The coefficient 8, is equal to

B. = NIT4(0, 0) + 4T (0, 2)] /12 (V-28)
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Rhombohedric Mesophase. This mesophase would be
characterized by y(7) that has the symmetry of a rhom-
bohedric lattice spanned by the following @ vectors: @,
= ¢*[1, 0, 0], @, = g*[cos «, sin «, 0], and &; = g*[cos «,
cos a tan (a/2), 1 - cos? afl + tan® (a/2)}] (n = 3). The
coefficient 3, equals

B: = NIT (0, 0) + 4T,(0, 4 tan® («/2))] /12 (V-29)

Face-Centered-Cubic (fcc) Mesophase (Close-
Packed Hexagonal). This mesophase is characterized
by ¥(F) which has the symmetry of a fcc lattice (or a
hexagonal-close-packed lattice)._ The corresponding €
vectors are @; = g*[1, 1, 1]/v/3, Q, = q¢*(-1, 1, 1]/+/3, Qs
= g*[-1,-1,1}/v/3, and @ = ¢*[1, 11/v3 (n = 4). The
coefficient 8, equals

By = N[T'(0, 0) + 6T'4(0, %) + 2T (%, %) X
cos (¢1 — @2 + ¢3 — ©,)] /16

and F takes a minimal value for cos (¢; — oo+ 03— ¢4) =
-1 so that

Bs = NIT4(0, 0) + 6T4(0, %) — 2T4(%, #2)1/16  (V-30)

The coefficients NT',(0, 4/3) and NT'y(*/3, #/5) are plotted
vs. f in Figure 7.

It should be noted that the coefficient I',(0, &) has a
minimum for h = 0, increases with an increase in h, and
takes a maximum value for h = 2. Then for h — 4, T,(0,
h) tends to T',(0, 0) (cf. Figure 6). It should also be stressed
that I'y(*/3, */5) > L4(0, 0). Hence 8 > 3NT (0, 0)/8, 8.
and 6, > 5NF4(O, 0)/12, and 64 > N[7P4(0, 0) - 21‘4(4/3,
4/3)1/16; we see that the most stable phase is the lamellar
phase for which 8; = NT (0, 0)/4 (cf. eq V-25) and the free
energy F has the smallest value.

To establish the phase diagram of the liquid block co-
polymer near the spinodal point, we should consider the
phase equilibria of three mesophases: bcc, triangular, and
lamellar. We note that 8; < 83 < B, which means that for
large xN (low temperatures) the most stable phase is the
lamellar mesophase. In fact for such xN the third-order
term in the expansion of F is less important than the
fourth-order term. To give a precise argument one reasons
as follows. We denote by (xIV); the value of xN for which
the free energy of the bec phase, Fy, equals that of the
triangular phase, F, (for xN < (xN), Fy, < Fy), by (xIV)g
the value of xN for which F}, equals F), the free energy of
the lamellar mesophase, and by (xN); the value of xN for
which F, = F|. By putting (V-20) to (V-9) we get the free
energy of the triangular (or bec phase)

F = 270,41 + 7v,)%(3v, - 1)/40968,3  (V-31)

with v, given by (V-21). When xN = (xN); (or (xN)¢) F,
= F, (or F\, = F)). F\is given by (V-25) or in terms of v,

Fy = -81(v,” - 1)%a,* /40968, (V-32)

From (V-32) and (V-33) we determine the values of v; and
¢ for which the transition should take place

Yo = [3a, + 1 + (3a, + 2] /3(a, - 1) (V-33)

where @, = 8,/8; (v > 1 since (xN), > (xN),). By putting
B3 and Bg into eq V-34 one obtains v; > vy and conse-
quently (xN); > (xN)g. It is thus obvious that (xN),
cannot be greater than (xIN)g since for xN such that (xN)
< xN < (xN); we have F, < F; < F} and at (xN), F, = F,,
This means that (xN); < (xN)g < (xV); and that the most
stable phase for high xV is the lamellar phase (for xN >
(xN);3 F, is the smallest).

To sum up we may state that for xN above (xN), a bee
— triangular phase transition is expected (for xN = (xV),)
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and then, for xN = (xN)s, a transition from the triangular
to the lamellar phase.

We have already determined (xN)s. In fact it is suffi-
cient to use (V-21) and (V-33) withn =3

(XN)S = (XN)g + 9(732 - 1)&32/6453 (V-34)

Figure 8 shows (xIN); vs. composition f, calculated with the
help of (V-34). In order to determine the value of xN =
(xN), for which the transition from a bcc to triangular
phase takes place, it is necessary to find xN for which F;
and F,, given by (V-32) with n = 3 and n = 6, respectively,
are equal. The comparison of F; and F}, leads to eq V-35
for x = (xN); — (xV),. Solving this equation we find (xV);,
which is plotted for different compositions f in Figure 8.

B[-1 + 3(1 + 48xB,/T5*N9)/?] X
[1+ (1 + 48x8,/N?T32)V%)3 - 48,31 + 3(1 +
24x66/N'2I‘32)1/2][1 + (1 + 24x66/P32W)1/2]3 =0
(V-35)

Thus we have determined the phase diagram of a liquid
block copolymer near the spinodal point. It will be dis-
cussed in section VI

It should be noted that for f = 0.5, a3 = ag = 0 and the
Landau-type analysis predicts the second-order phase
transition from the disordered to the lamellar phase at xN
= (xN),. For xN > (xN), the lamellar phase is the stable
one.

VI. Discussion of the Phase Diagram

In section V we have studied the possible phase tran-
sitions in the amorphous diblock copolymer melt. The
essential conclusion is that, at equilibrium, the state of the
system is determined by only two relevant parameters: the
copolymer chain composition f and the product xV.
Therefore, the results of section V can be summarized on
a universal phase diagram (Figure 8) which presents the
regions of stability of different phases in the plane with
coordinated xN and f.

When xN is smaller than (xV),, calculated with the help
of eq V-24, the system exhibits the disordered phase. This
phase is characterized by the uniform (homogeneous) av-
erage distribution of monomers A (B) in the sample. As
it has been discussed in detail in section IV radiation
scattering experiments provide a good method of studying
this phase: the monomer density fluctuations have a very
specific spectrum with a maximum for the scattering vector
|g] = g* (cf. Figure 1); g*R is the universal quantity in-
dependent of the species A and B. In copolymer melts the
segregation effects are strong: for 0.3 < f < 0.7 (xN), is
of the order of 10-15. For many monomer pairs the Flory
interaction parameter x is about 0.1, so the microphase
separation should not occur for chains with N < 100, i.e.,
for relatively low molecular mass. These results are to be
compared with those obtained for mixtures of two homo-
polymers. The critical point of demixing is given by xNV
= 2 (e.g., ref 34-36 and 40). Thus, for some temperatures,
a copolymer melt would exhibit a homogeneous disordered
phase, whereas the corresponding mixture of homo-
polymers would separate into two phases. This is con-
firmed qualitatively by experimental observations (e.g., ref
18 and 49).

The most interesting prediction of our analysis is that
the microphase separation transition is the first-order
phase transition from the disordered phase to the meso-
phase with the symmetry of a body-centered-cubic lattice.
A bec lattice is not a close-packed structure. Till now it
was assumed that the phase which occurs after the MST
had the symmetry of a face-centered-cubic lattice (e.g., ref
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29). We have shown in section V that the fcc mesophase
cannot be an equilibrium phase near the MST. Actually,
the result of the present theory is not surprising. We have
already stressed that the MST is analogous to the soli-
dification of a liquid (cf. sections II and III). For the latter
transition a bece structure is also favored.® The periodicity
of the mesophase occurring just below the MST is expected
to be equal to D = 27 /g* (Figure 2), i.e., of the order of
the radius of gyration of the copolymer chains. There is
no sharp interface between the A- and B-monomer-rich
domains but the monomer density varies smoothly over
the whole period (see eq V-4).

In section V we have shown that near the spinodal of
the copolymer melt, apart from the bee mesophase, two
other phases may be stable, namely, the triangular and
lamellar microdomain structures. We predict the condi-
tions of the first-order transitions between these different
phases. The transition from the bec to the triangular phase
is expected to occur for xIV = (xNN); (see eq V-35 and
Figure 8). It is of crucial importance to note that (xV),
is greater than (xN),; however, for a large composition
range (0.2 < f < 0.8) (xN), is very close to (xN);. (The
difference between (xV), and (xN); cannot be clearly il-
lustrated on the scale of Figure 8; (xN), as a function of
f is given in Figure 4.) Therefore, the bec mesophase
should be essentially a metastable phase, as for (xN), <
xIN < (xN), the formation of a microphase structure is a
very slow process. This may explain why there is no direct
observation of the onset of the bce mesophase just below
the MST in copolymer melts, Some X-ray data on con-
centrated copolymer solutions suggest that a bec (or
eventually a simple cubic) but not a fcc mesophase exists.®
It may be expected that it would be easier to detect a bec
phase for small compositions (f < 0.2 or f > 0.8). For these
compositions the difference (xV); — (xV), is important and
the temperature range of stability of the bce phase may
be sufficiently large.

The transition from the triangular to the lamellar me-
sophase should occur at xN = (xN); (cf. eq V-34 and
Figure 8).

There is no observation of this transition for amorphous
block copolymer melts. A transition from the lamellar to
the hexagonal mesophase was observed for PS-POE block
copolymer.!#1®* However, at the transition point POE
blocks were in a crystalline state for which our theory is
not applicable. Some experimental argument for existence
of phase transitions in amorphous block copolymer can be
extracted from the data on PS-BP copolymers.#® It turned
out that in some PS-PB samples two types of mesophases
were observed and/or coexisted (hexagonal and lamellar
structures). In the case of one sample even the existence
of three mesophases has been reported.

Another qualitative argument for the predicted phase
diagram is given by a discussion of its predictions for fixed
xN. The diagram shows that by increasing f one should
observe, respectively, a cubic, a triangular, a lamellar, an
inverted trianguiar, and an inverted cubic mesophase. This
is in agreement with all available data and the weil-es-
tablished empirical rule.!

Our theory indicates that the lamellar phase is the most
stable phase for high xN. This result is confirmed by many
experiments, in particular by those of Terrisse,!! who
studied PS—-PI copolymers with f = 0.5 and various, high
molecular masses.

Unfortunately, till now, systematic studies of the MST
or of the stability of the mesophases were not available,
so the quantitative verification of the theory is not possible.
The main difficulty is the lack of data concerning the
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interaction parameter x and its temperature dependence.
We hope that the method of determining xN from X-ray
scattering measurements proposed in section IV will be
helpful and enable the detailed study of the phase diagram.
It is to be stressed, however, that the first-order character
of phase transitions makes them more difficult to study,
as it may lead to hysteresis phenomena. Moreover, x does
not vary strongly with the temperature (cf. ref 29). Thus
the scanning of the phase diagram would require a careful
choice of sample composition and of polymerization index.

It is important to point out some limitations of the
present theory. A Landau-type analysis has been used to
describe phase transitions. This is justified in many
macromolecular phase transitions. In polymer melts
fluctuation effects are strongly reduced as a result of
screening, due to interactions of chains with a large number
of other chains.?® In the case of the MST the instability
is very special: the order parameter has diverging fluc-
tuations on a whole sphere |§| = ¢* and not, as is usual,
at the single point § = 0. For f = 0.5, (xN), is close to the
spinodal point (xV), and it is justified to take into account
solely the fluctuations with |g] = g*. For f = 0.5 the
Landau analysis predicts a second-order continuous phase
transition at xN = (xN),. However, for f = 0.5, the fluc-
tuations with |g| # g* would play an important role. They
would restore a first-order character of the phase transi-
tion.?” The consideration of fluctuations with wave vectors
|G} = ¢*, important only for f =~ 0.5, would require a rather
refined and complicated analysis. In view of experimental
difficulties which arise in experimental studies of co-
polymer melts and especially in view of imprecise data
concerning the parameter x, a very refined analysis seems
to be unnecessary. Much more important than fluctuation
effects are those effects resulting from the polydispersity
of the copolymer blocks. Figure 8 shows that even a small
change of f changes strongly (xV);, (xN),, and (xN);. Thus
it seems that even a small polydispersity of the sample may
be crucial. Experimental studies of polydispersity effects
confirm this conclusion.!*** Our next project is to include
these effects in the theoretical formalism.
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Appendix A. Solution of RPA Equations

The solution of the RPA equation set (III-19) consists
in determination of the expansion of ; in powers of the
external potentials. The coefficients of this expansion
provide the correlation functions of the molten copolymer
in terms of those of ideal, noninteracting chains. The most
convenient method of dealing with (III-19) is an iteration
procedure: let ¢;® and V® denote the contribution of the
kth order in external potentials U, to ; and V, respectively;
one puts into (III-19) ¥; = ¢;® + 4@ + ¢ P and V = Va,)
+ V@ + V® and separates contributions of different order
in U,. This gives three sets of equations for ¥;*® (k = 1,
2, 3): a linear set

Y@ = -BS,@) UG = -BS;(DU;N()
v+ 9,M =0 (A-1)

where
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Ut = U, + V0 + VO (A-2)

A second-order set
¥ (@) = /YL GGy, Gor GIUAGDUn(Gs)

42,43
= -BS;(G ) U P(g,) +

1/252cv—2.zé Gsﬂ((ih o, Gs) Ujeff(l)(fiz) Ukeﬁ(l)(q‘a)
92,43

(A-3)
U + @ =0
where
U@ = Y, 4, @ + VO (A-4)
A third-order set
@) = ‘—BSCV 3 Y GGy Gor Gar G X
Ui(gy) Uk(Q:;)U,(jIz;q;yq‘ —BS; (@) UHN(g,) +
62‘\/'2q§aG§32(§1, G2 @U@ Uy (Gy) -
33°V B Y GGy, G2 5 Ga) X
Tl US0(G,) U0 (G, Uy (,)
WO + 4,® =0 (A-5)
where
Uet® = v, y ® 4 VO (A-6)

It is straightforward to find the solution of the linear
set (A-1) and to obtain the correlation function S(3)

8@ = 8u@ = W@/IS@ - 2xW@] (A7)

where
W(@) = S1(@S2(@ - S12%@) (A-8)
S(@) = S11(q) + 2S512(§) + Sye(@) (A-9)

W denotes the determinant of the matrix ||S| whose ele-
ments S;; are the correlation functions of the ideal, non-
interacting copolymer chains. The expression for S is
discussed in detail in section IV.

Making use of the above result and expressing U™V in
the form (cf. (A-1) and (A-2))

UG = Sin (DS mn @ Un(@ (A-10)

one can solve the second-order set (A-3) and get the G
correlation function

GG, P ds)y_l5(ﬁ1 +3;+dy) =
3(51)3(62)5(53)692(51, G G)1S17M(dy) -
S M @D, 4d2) - S;2 M @)1 [SkiH(@3) — Sea4(ds))
(A-11)

The same approach as for the second-order set may be
used to solve the third-order set (A-5). One expresses
U#f® in terms of external potential U; (cf. (A-3) and (A-4),
puts the result into (A-5), and then finds V@ as a function
of U;. The resulting expression for G9(G,, §,, ds, G4) is
rather complicated. However, relative to the simplest
response function S directly measurable in scattering ex-
periments the nonlinear response functions G® and G@
are of less interest and so we do not glve here an explicit
expression for G, More 1mportant is expression for the
coefficient T'y in the expansion of F in powers of ¢ (cf. eq
IT1-16). It turns out that the second term in (III-16)
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(containing G®) cancels exactly with a term in G¥ and
as a result one gets a compact expression for I'y, eq I11-24.

Appendix B. Correlation Functions of Gaussian,
Noninteracting Copolymer Chains

In this appendix we show how to calculate the correla-
tion functions of Gaussian, noninteracting copolymer
chains. The method presented here is applicable not only
to block copolymers but also to systems composed of
chains with an arbitrary distribution of monomers A and
B along the chain.

Let us denote by I (I =1, 2, ..., N) the Ith monomer in
each chain and by p,{7) the density of monomers I at point
7 i.e., p;(F) = 1 if there is such a chain that its /th monomer
lies at point 7 and p,(7) = 0 otherwise. The quantity ép;
= p(f) — 1/ N characterizes the deviation from the average,
uniform distribution in the disordered phase. Making use
of the fact that (6p;) = 0, we may write the expressions
for the monomer density correlation functions as follows
(cf. eq III-9)

GRFy, 7o) = (Bps(Fopy(Fy) (B-1)
GFk(Fy, Py, ) = (3p1(FOp(F)dpk(F))  (B-2)
Gi¥k1(F1, Py Fa, Fa) = (8p1(F1)ops(F)dpx (Fa)opL(Fy)) —

GRF, FDGR(Fs, Fo) — GRGF, FIGR(Fo, 7y -
GP (P, FIGHF,, F3) (B-3)

In order to calculate G& we observe that
G, FD) = (pr(FD)ps(Fy)) ~ 1/N? (B-4)

There are two different ways to have p;(F;)p,(7;) = 1.

First, there is the /th monomer of a chain at point F; and
the Jth monomer of the same chain at point 7,, Secondly,
there is the /th monomer at 7; and the Jth at 7, but they
belong to different chains. Thus

(brlFDRuF)) = PPy )+ 1/NT (B3

where Py (7, ;) denotes the probability that the chain with
the Ith monomer at point 7, has the Jth monomer at point
;. For Gaussian chains Pj; is a function of |F; — 7| with
the Fourier transform equal to

Puy@ = [ d&*r eTPiyf) = exp(-yll - J) (B-6)
where y = ¢%a%/6. From eq B-4 and B-5 we get
GR(Fy, Fy) = Pry(Fy, Fo) /N (B-7)
and its Fourier transform equal to

GGy §) = P(@)V8(d + d)/N  (B-8)

For G we get the result

GFk(Fy, Py, Fa) = (pi(FpAF)ok(Fa)) + 2/N? -
(Cor(FDpsFe)) + (o (Fek(Fs)) + (pi(F)ok(Fs))) /N =
Pk (Fy, Ty, 73) /N (B-9)

where Ppyx(F,, Ts, F3) is the probability that the same chain
has the monomer I, J, and K at points 7y, 7, and 7;, re-
spectively. In writing (B-9), eq B-5 has been used. The
function Py may be expressed in terms of pair correlation
functions Py,

Pk (Fy, Fo, T3) = Ppy(#y, PP g (Fy, Fs)
forI<J<KorK<J<I

For other cases, I, J, K and 7, 75, 75 in {B-10) should be
permuted appropriately; e.g., for J < I < K, Px(F,, Fo, T3)

(B-10)
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= P;{Fy, F)Px(Fy, F3). Fourier transform of G reads

GP(@y, Go, Ga) = V710G, + G, + 673)P1J(61)PJK(¢733/N
-11)

forI<J<K

Very similar considerations can be made for the
fourth-order response functions. One finds easily that

Gk (P, Py, Fa, Fo) = Prygr(Fy, Fo, T3, F) /N (B-12)

where Py (7,, Fo, 73, F4) denotes the probability that the
chain has the Ith monomer at point 7;, Jth at 7#,, Kth at
F3, and Lth at 7. In g space we get

Gi¥k1(@y1, G2, G5 o) =
V15(G, + @ + G5 + GOPrAG)Px(G, + Q'z)PKL(EI'A)/N
B-13)

forI<J<KK<LorL<K<J<I

For other ordering of I, J, K, and L, the formula is the
same but with appropriate permutation of I, J, K, L and
Gy, G2, G3, G eg,for IKK <L <J

G}yKL(q.b 629 qS: 64) =
V16(G, + Ga + @3 + Go) PG Prr(d) + G3)PrAds) /N

From correlation functions for monomer densities (eq
B-8, -11, -13) it is straightforward to determine the re-
sponse functions G Gi7) and G, G, j, k, 1 = 1, 2; A, B)
for copolymers. Let (1‘1("S denote the function which char-
acterizes the distribution of monomers A and B in the
copolymer chain: when i = 1 (which corresponds to A
monomers) 6,1 = 1 when Ith monomer is of the type A
and 6, = 0 when it is of type B; similarly, when i = 2, 6,
= 0 when the Ith monomer is of the type A and 6,9 = 1
otherwise. With the help of this notation and the defi-
nitions of dp, and dpg we obtain the following expressions
for correlation functions of noninteracting, Gaussian co-
polymer chains:

NN
GGy, §o) = I_zlJZ_: 0/96,9G13(G,, G)  (B-14)

Z

N N o 3
GGy, Go @) = 2 X T /99,96, PG (@1, Gy o)
I=1J=1K=1
(B-15)
Gt(}gl(qu 62’ 63, (-1.4) =

NNNN

XL X 2 0/99,90,00, 9GHy(dy, s, Gs, §4) (B-16)

I=1J=1K=1L=1
For the given sequence of monomers in the copolymer
chain eq B-14 to B-16 permit calculation of the response
functions of the Gaussian copolymer chains. For diblock
copolymers summations are particularly simple, although
they require rather formidable algebra. As explained in
section V we do not need G\ ; for arbitrary (g}, but only
for some very special sets depending on the symmetry of
the microdomain structure. Therefore, we do not present
here the general expressions for arbitrary {GJ. The explicit
formula for correlation functions which we need in section
V are calculated with the help of eq B-14 to B-16 and B-6
and are given in Appendix C. Here, we show an example
of such a calculation: the calculus of linear response
function G, (denoted by S;,)

1NN 1NN
Sul@) = S X X0 VP(g)8,Y = =T X exp[-y] - J|]
Nr== Ni=ij=1
(B-17)
We consider the § vectors such that y = ¢%a%/6 « 1, and
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we suppose that /N » 1 and (1 - HN > 1. In such a case
it is justified to replace the summation in (B-17) by an
integration

2 /N s .
Su(@ = f. di f di expl-yGi - )]

= Ngi(x, f) (B-18)

where
x = Ny = Ng%?/6 = ¢°R? (B-19)

with R equal to the radius of gyration of an ideal, Gaussian
chain with N links and g,(x, /) denotes the Debye function

gi(x, p = 2[fx + exp(-fx) - 1]/2*  (B-20)

Appendix C. Formulas for Nonlinear Response
Functions of Gaussian Copolymer Chains

In order to calculate the correlation functions G;;,(h) and
Gijui(hy, o) of Gaussian independent copolymer chains we
will use eq B-15 and B-16. Making the same assumptions
as in (B-17) and (B-18) we get

N i i
Gunlh) = 2j; di J:) dj j; dk [2P;(q)Py(h'/?g) +

Pij(Q)ij(Q)]/N
= 2N?[2g,(f, h) + &(f, 1)]
(C-1)
N fN J
Gua) =2 f di f7dj f'dk P,(hq)Py(q) /N
= 2N2g3(f’ h)
(C-2)

Gia1(h) = Gou(h) =

N N ]
Suti £ ) 'dk [P(@)Pp(h2q) +
Pi(@)Pp(g)]/N
= N2[g4(fv h) + g3(f) 1)]
(C-3)

To obtain Gygy(h), Gao(h), and G45(h) one should change

fto1~fin formulas C-1, C-2, and C-3, respectively. The

functions g,, g5, and g, are defined as

gf,h) ={fx—1-1/h + hexp(-fx)/(h - 1) -
exp(-hfx)/h(h - 1)} /hx® (C-4)

forh #0,1,3,4

g:(f, 0) = gx(f, 4) = {f2x%/2 - fx + 1 — exp(-fx)}/x?
(C-4a)

&(f, 1) = g(f, 3) =
{fx exp(—fx) + fx — 2 + 2 exp(-fx)]/x% (C-4b)

&s(f, h) = {1 — exp[-h(1 - Hx]} X
{1/h - exp(-fx) /(h — 1) + exp(-hfx) /h(h - 1)} /hx®

(C-5)
forh #0,1,3, 4
&(f, 0) = (1 - Hifx + exp(—fx) - 1}/x2  (C-5a)
g3(f’ 1) =
{1 - exp[—(1 - Nx]}{1 - fx exp(-fx) — exp(-fx)} /x>
(C-5Db)

84(f, h) = {1 - exp[-(1 - Ax]} X
{1 + exp(-hfx)/(h - 1) + h exp(-fx) /(h - 1)3/hx?
(C-6)

forh #0,1,3,4
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g4(f, 0) = {1 - exp[-(1 - Nx]}ifx - 1 + exp(-fx)}/2°
(C-6a)
8f, 1) = 8f, 3) = g5(f, 1) (C-6b)

For third-order response functions G;u(h;, ho) we get
Glsm(};zlv’ hy) = . .
- ‘ 0 J
oS i [ f dk fdl P (@Pum ! )Pule) +
Pii(qQ)Py[(4 - hy — hp)'/%q)Pulq) +
P;j(q)Pj(hy/%q)Pri(q)] =
8N3(f,(f, b)) + f1(f, 4 — hy — hy) + fi(f, hy)} (C-T)

Gii2lhys ho) = Gygi(hy, hy) = Gran(hy, hg) = Gayyy(hy,

ho) = 2N3(fo(f, hy) + folf, 4 — hy = ho) + fo(f, hy)] (C-8)

Giizo(hy, ho) = Gagpi(hy, hy) = 4N3f3(f, h)f(1 - f, (’8)9)

Giaa1(hy, hy) = Gapyalhy, hy) =
4N3f5(f, 4 — hy = ho)fa(1 -~ f, 4 = hy = hy) (C-10)
Gia12(hy, ho) = Go(hy, hy) = AN3fo(f, ho)fs(1 -~ f, hy)
(C-11)
where
f1(f, B) = {fx/h + fx exp(-fx) /(h - 1) + (2h -
3) exp(-fx)/(h - 1) + exp(~fhx) /h*h - 1)? -
@h + 1) /h3/x* (C-12)
forh #0,1,3,4
fl(fv 0) = fl(f’ 4) =
{f?x%/2 - fx exp(-fx)- 3 exp(~fx) — 2fx + 3}/x* (C-12a)
filf, 1) = f1(f, 3) = {f*x? exp(-fx) /2 + fx +
2fx exp(-fx) + 3 exp(-fx) — 3}/x* (C-12b)
folf, h) = {1 — exp[-(1 - Nx]{{1/h ~ (h - 2) exp(-fx) /(h
- 1)% - exp(-fhx) /h(h ~ 1)? - fx exp(-fx) /(h -1)}/x*
(C-13)
forh #0,1,3,4
fo(f, 0) = {1 - exp[-(1 - Ax]} X
{2 exp(-~fx) + fx exp(-fx) - 2 + fx}/x* (C-13a)
fof, 1) = {1 - exp[-(1 - Ax]} X
{1 ~ exp(-fx) - f2x? exp(—fx) /2 — fx exp(-fx)}/x*

(C-13b)
f3(f, h) = {h = 1 ~ h exp(~fx) + exp(-hfx)}/h(h - 1)x*
(C-14)
forh=0,1,3,4
falf, 0) = gi(f, x) /2 (C-14a)
f3(f, 1) = {1 - exp(~fx) ~ fx exp(~fx)}/x* (C-14b)

In order to obtain Gyg1(hy, hg) = Gagra(hy, ho) = Garea(hy,
hy) = Gig9(hy, hy) and Gaggs one should change fto 1 - f
in eq C-8 and C-7, respectively.
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